
 

The extended killing form
By demanding that

7 X Y LX 2733 0

holds for elements X Y Z c of
one can derive

Xa n Xb in SabSuen o

4 943 I 0 and LK I o

4 9 n Lo o and Sho I I

The only unspecified norm is Lo Lo

which one takes by definition to be

Lo Lo 0

Let the components of the vector I be
the eigenvalues of a state that is simultaneous

eigenvector of the generators
I ICH I H2 Hr IHH Il L

I G i ka i na

scalar product induced by extended killingform
I et Ain t Kahn Knut



it is called affine weight
weights in adjoint representation are roots

A sign I commutes with
all generators

scalar product CA 2 ma

Affine root associated
with generator E4u

I Chi 0in n E Z a c I fix

Let
g CoiOil
us is root associated with High

Notation a Caio o

Cx can be expressed as

I at us

The full set of roots is

A Lt n 8 he Z.ae IfUfnSlueZ.ntof

root 8 has length Csis 0

called imaginary
root



Simple roots the Cartan matrix and

Dynkin diagrams
Basis of simple roots is given by finite
simple roots di and

E f 0 Oi D 0 8
where E is the highest root of g
set of positive roots is

A at nfl n o re 1 U Ha c At

Indeed for n o and tea

Lt n f Xt n Lo t no h Lot n l 0 t Gta

coefficients of expansion in terms of
finite simple roots non negative

Given a set of affine simple root we can

define extended Cartan matrix

Aig Gi Ij Os i jer
where affine coroots are given by

iV g di 0in ftp.cdioin CTi0iFan



As for simple roots the hat is omitted

over the simple coroots e.g
Lou do Li Gi O O it 0

Aig contains extra row and column

Cdo a CO.at aiki ai

gives rise to extended Dynkin diagram

Dynkin diagram of ng is obtained from
the one of g by addition of extra node
representing a linked to a nodes

by Aoi Anio lines e.g for It
0 oil

0 O O O 0

lit Lil Gil Cr till Ail

The zeroth mark a is defined to be I

air a Hot L

By construction the extended Cartan matrix

satisfies i

Iqa Iij Itis ai o



The imaginary root can be written as

S oaidi aid

Similarly the dual Coxeter number reads

ti at

Fundamental weights
Fundamental weights Ii osier are

dual to simple coroots

Ii wi ai o i o

k eigenvalue is fixed by the condition

ii ai 0 Cito

The zeroth fundamental weight must have
zero scalar product with all xi's and

satisfy Cui ai I

Do Coilio basic fundamental
weight

Thus we get
4 ai I t w where wi Cw i40



Affine weights can be expanded as

i
7iwi es le R

K ICE ai ai level

This relation can also be derived by
I 8 Kan ng t n.it

0 ILtil

EoaiGxi7 Eoaiai
where we used S aint

no IIM air Cao 1

Thus we get
to K Ct G

Affine weights will generally be given by
A no A err

this notation does not keep track of
Lo eigenvalue
For instance

who 1,0 yo 4 10,1 10 foO il



Moreover we have

di L io Iti i iAir

Finally the affine Weyl vector is defined
as D ii 1,1 I silk hi

Integrable highest weight representations

IHWRs of of are those representations

whose projections onto the sacs algebra
associated with root 2 are finite
sacs algebra
E E 4h7 F ET id H I x HEY

IE F H H E 2E LH F LF

One usually takes a I

Then finiteness of such representations
gives that any weight I in Me
satisfies

CA Li pi gi i 0,1 i r ex

for some positive integers pilot
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Fa the highest weight I all pi's are

Zero and therefore
Fi C It i 011 in

to K G 0 E It

K is a positive integer
K E Et K 3 G 0

An affine weight for which all Dynkin
labels are non negative integers is said
to be dominant set denoted byPI

For the highest weight state op conditions
are equivalent to

EOE D
K Aid

o o

K G 0 Po go Go

Foto Ei gives lowest weight of such repL

proof of Prop 5 a


